Starting out with new de nitions for the gauge-invariant perturbations in energy density and particle number density, evolution equations for these quantities are derived which are manifestly gauge-invariant. In the case of vanishing pressure, these equations are identical to Poisson's equation. This fact is in contrast to what is found in earlier treatments based on other denitions. 98.80.?k, 98.80.Bp, 98.65.Dx, 04.25.Nx 
I. INTRODUCTION
The theory related to the linearized Einstein equations is important in cosmology because it describes the growth of all kinds of structures in the expanding universe, such as galaxies and microwave background uctuations. We will refer to this theory as`linear perturbation theory'.
Linear perturbation theory in general relativity is plagued by the so-called gauge problem: whereas the energy density " (0) (t) is a scalar function in the background homogeneous universe, the local rst-order perturbation on the energy density, " (1) ) and has, as a consequence, no physical signi cance. In an attempt to solve this problem, a number of methods have been proposed by, for instance, Bardeen 1] and Mukhanov, Feldman and Brandenberger. For an overview of these methods see MFB 2] .
In general, the gauge problem is solved by de ning quantities that are not`contaminated' by a contribution which depends on the choice of coordinates. However, the de nitions of these gauge-invariant quantities are not unique, since any linear combination of gaugeinvariant variables will also be gauge-invariant.
The central point of our approach is contained in Sec. V, in the de nitions of a gaugeinvariant energy density perturbation (1) (t; x i ) and a gauge-invariant particle density perturbation (1) (t; x i ), Eqs. (37) and (38). As we will show, none of the equations of the gauge-invariant perturbation theories developed by Bardeen and MFB can be cast into a form which is identical to Poisson's equation of the Newtonian theory of gravity, whereas in our gauge-invariant approach this can be done. Hence, our treatment is closer to the Newtonian theory, which facilitates the interpretation of the various gauge-invariant quantities, such as the energy density perturbation and the particle number density perturbation, Eqs. (90) and (91).
The sections II{IV do not contain any new material. They are needed, however, in order to make our point easily accessible. In Secs. VI{VII we derive manifestly gauge-invariant equations for the gauge-invariant perturbations (1) and (1) to the energy density and particle number density, Eqs. (70).
In the last section we show that a result of MFB, Eq. (92), is not as close to the Newtonian theory as our result, Eq. (87).
Finally, some mathematical details related to the reduction of the number of di erential equations is given in the appendix.
In a companion article 3] the physical consequences of our approach are discussed.
II. PERTURBATION EQUATIONS FOR A FLAT FRW UNIVERSE
We consider a at Friedmann-Robertson-Walker universe, in which the energy density is locally perturbed. Let us denote the unperturbed energy density by " (0) and the perturbation by " (1) . Since a FRW universe is homogeneous, " (0) is position-independent. Hence, the energy density " at a time-space point (t; x) may be written "(t; x i ) = " (0) (t) + " (1) 
The equation of state p = p(n; "); (2) where n is the particle number density and " is the energy density, is supposed to be a given function. In general, we will indicate quantities pertaining to the homogeneous, unperturbed, ( at) FRW universe by a subscript (0). We will call them`background quantities'. Quantities that give the (positive or negative) value of the deviation of a quantity with respect to a background quantity will be supplied with a subindex (1) . Thus the pressure, hydrodynamic velocity, the particle number density, the metric and the connection coe cients may be expressed in the forms p(t; x i ) = p (0) (t) + p (1) (t; x i );
u (t; x i ) = 0 + u (1) (t; x i ); (3b) n(t; x i ) = n (0) (t) + n (1) (t; x i );
? (t; x i ) = ? (0) (t) + ? (1) 
In view of (2), the local rst-order perturbation on the pressure is given by p (1) = p n n (1) + p " " (1) ; (4) where p n and p " are the partial derivatives of p(n; ") with respect to n and ", p n := @p @n ; p " := @p @" :
We use a normalized four-velocity, i.e., u u = 1, a metric with signature (+; ?; ?; ?) and we choose a synchronous system of reference, i.e., g 00 (t; x k ) = 1; g 0i (t; x k ) = 0:
Evidently, a metric of the form 
and g (1)00 (t; x k ) = 0; g (1) 0i (t; x k ) = 0;
is compatible with the choice (6) of a synchronous system of reference. The scale factor a(t) is often called`radius of the universe'. The equations for the perturbations i.e., quantities with a subindex (1)] are obtained by inserting the decompositions (1){(8) into the Einstein equations and conservation laws, and linearizing with respect to the quantities with a subindex (1), i.e., one neglects quantities such as " 2 (1) and " (1) g (1) . This procedure is standard. The resulting equations with respect to a synchronous system of reference can be found in, e.g., Weinberg 4] . We put the viscosities and equal to zero in his equations ; p = p (0) ; p 1 = p (1) ; n = n (0) ; n 1 = n (1) ; U i 1 = cu i (1) ; 
Finally, we introduced the abbreviation h ij (t; x k ) = ?g (1)ij (t; x k );
for minus the spatial part of the metric tensor. Raising and lowering of indices has been performed with the background metric, implying h i j = 1 a 2 g (1)ij ; u i 
The equations (11) amount to fteen equations for the eleven unknowns h i j , u i (1) , " (1) and n (1) . The set of equations is, however, not overdetermined: the four equations (11b) and (11c) are, in fact, only conditions on the initial values (Weinberg, Chap. 7, Sec. 5). The behavior of the functions H, " (0) and n (0) occurring in Eqs. (11) 
Equation (16b) is, in fact, a condition on the initial values (i.e., the constraint equation).
In the remainder of this section we give some formulae and de nitions to be used later on. The divergence (1) and the trace of the perturbation tensor h are de ned by (1) 
and
respectively. The uid expansion scalar is de ned by := u ; = u ; + ? u ;
where a semicolon denotes covariant di erentiation with respect to the unperturbed background metric. Upon substituting the connection coe cients (15.1.4) of Weinberg we nd, using u = 0 and Eq. (10), for the unperturbed uid expansion scalar
In a locally perturbed universe we have, for the uid expansion,
where (1) is the rst-order local perturbation on the uid expansion scalar u ; . Using the decompositions (3b) and (3e) and neglecting the term ? (1) u (1) , we get from Eq. (15), (17), (18) and (20), we arrive at
where we have used that ? i (0) jk = 0 for a at FRW universe. The local spatial curvature 3 R (1) can be found from Eq. (13) by taking i = j and summing over the repeated index:
III. GAUGE TRANSFORMATIONS It follows from the linearity of the perturbed Einstein equations and perturbed conservation laws in arbitrary coordinates that if X (1) is a solution of these equations, then also c X (1) 
is a solution of these equations, where X (0) is a quantity pertaining to the homogeneous unperturbed universe, and L X (0) is the Lie-derivative of X (0) with respect to a vector eld (t; x i ). The quantity X g := L X (0) ; (27) is usually called a gauge solution. The corresponding coordinate transformation generated by the vector eld (t; x i ) is referred to as a gauge transformation. The proof of this statement can be found in Weinberg, Chap. 10, Sec. 9.
If X (0) is a scalar, we have, in particular c X (1) (t; x i ) = X (1) (t; x i ) + _ X (0) (t) 0 (t; x i ):
These results will be used in the following sections.
IV. GAUGE TRANSFORMED QUANTITIES
It can be shown that when one synchronous system of reference is transformed into another, then the vector occurring in Eq. (26) that generates this transformation must be of the form
where and i are arbitrary functions of the space coordinates only. See, e.g., Weinberg, Eqs. (15.10.9){(15.10.12).
The corresponding perturbation on the metric is then found with the help of (26) 
The energy density perturbation transforms as b " (1) = " (1) + _ " (0) ;
as follows with the help of (28) and (29). The function _ " (0) is given by Eq. (16c). Similarly, the particle number density transforms as b n (1) 
where _ n (0) is given by Eq. (16d). From (26) and (29) it follows that the perturbation on the spatial components of the four-velocity u transforms as b u i (1) = u i 
where we have used Eq. (25). Also these equations will be used later on.
V. GAUGE-INVARIANT QUANTITIES
Consider two scalar quantities X (0) and Y (0) and their perturbations X (1) and Y (1) . We note that the quantity de ned by S(t; x i ) := X (1) 
where the uid expansion scalar (0) and its perturbation (1) are given by Eqs. (20) and (23), respectively. Furthermore, we introduce the gauge-invariant combination
The quantities (37) and (38) are the new de nitions of the energy density and particle number density perturbations referred to in the abstract and introduction of the paper. We will come back to the interpretation of the quantities (37) and (38) at the end of Sec. VIII, in particular in the context of the Eqs. (90) and (91). The quantity (39) is an ancillary quantity introduced to facilitate the derivation of the evolution equations for (1) and (1) . In Sec. VII we will show that ! (1) is nothing but a linear combination of the independent variables (1) and (1) : see Eq. (69). The quantities (37) and (38) are the two functions which occur as the perturbations to be determined from the manifestly gauge-invariant equations (70). In order to derive these equations, we will start o by rst reducing the number of di erential equations in the system (11). This is the subject of the next section.
VI. FIRST-ORDER EINSTEIN EQUATIONS
into three independent groups, namely: gravitational waves (tensor perturbations), rotational perturbations (vector perturbations) and perturbations on the energy density (scalar perturbations), each described by their own set of evolution equations, conservation laws and constraint equations. Here we consider only the scalar perturbations. Noting the independency of the three types of perturbations, the rst-order Einstein equations, i.e., the set of fteen equations (11) for rst-order quantities, can be reduced to the following ve di erential equations 
for the ve unknown gauge-dependent functions " (1) , n (1) , (1) , 3 R (1) and h, respectively. The derivation of Eqs. (40) is described below.
We rst recall the following. The energy density perturbations are decoupled from the rotational perturbations. Consequently, in the study of energy density perturbations the rotational part of the vector u (1) = (u 1 (1) ; u 2 (1) ; u 3 (1) ) can be eliminated from Eqs. (11b) and (11d) by di erentiating these equations with respect to x i , summing over the repeated index and using Eq. (17). In this way one nds for the momentum constraint equation (11b) 1 a
In the same way, eliminating the rotational part of the vector u (1) from the momentum conservation law (11d) yields, using (25), Eq. (40c). Thus the three perturbed momentum conservation laws (11d) reduce to one ordinary, rst-order di erential equation for the divergence (1) .
The evolution equation for the trace of the perturbation tensor h i j can be found by taking in Eqs. (11a) i = j and summing over the repeated index. One nds, using Eqs. (18) and (24), h + 6H _ h + 2 3 R (1) = ?3 (" (1) ? p (1) ):
Combining Eqs. (11c) and (42) we arrive at the energy density constraint equation (40e). Finally, eliminating the function _ h from Eqs. (11e) and (11f) with the help of Eq. (40e) we obtain the perturbed energy density conservation law (40a) and the perturbed particle number density conservation law (40b). This concludes the discussion of the set of equations (40).
VII. MANIFESTLY GAUGE-INVARIANT PERTURBATION EQUATIONS
In this section we will consider the rst-order Einstein equations (40) in some detail. In fact, we will show that this set of ve equations for ve unknown functions " (1) , n (1) , (1) , 3 R (1) and h can be rewritten as a set of two equations for the two unknown physical quantities (1) (the energy density perturbation) and (1) (the particle number density perturbation), and three equations for three unknown non-physical quantities, each of which is decoupled from the other equations, and, hence need not be considered, since we are interested in physical quantities only. We will carry out the procedure of the decoupling of the equations step by step. In each step we eliminate one non-essential equation. In order to take the rst step, we incorporate de nition (37) into the perturbation equations (40) 
! :
By virtue of Eq. (37) we may replace the right-hand side of Eq. (43) by ? (1) . Using
Eqs. (20) and (23) and eliminating the time derivatives of " (0) and H from the left-hand side with the help of Eqs. (16), one arrives at
R (1) = ? (1) : (44) We have thus eliminated|with the help of de nition (37) combined with (23)|the function h from Eq. (40e) in favor of (1) . We may now replace the ve perturbation equations (40) for the ve quantities " (1) , n (1) , (1) , 3 R (1) 
for the ve quantities " (1) , n (1) , (1) , 3 R (1) and (1) . The system (45) contains four di erential equations (45a){(45d) and one algebraic equation (45e). We now concentrate, for a moment, on the di erential equations. It is trivial to rewrite these di erential equations in the form ?2H
In order to arrive at (48) we used Eqs. (2), (4), (5) 
n (1) (t; x i ) = h 1 + (t; x i ) i _ n (0) (t) (x i ) + e n (1) (t; x i ); (50b) (1) 
where the function (t; x i ) is given by (t; x i ) = ? 1
The functions e n (1) , e (1) and 3 e R (1) are solutions of the system _ e n (1) = ?3H 1 ? n (0) p n (45) as the following set of equations 
for the quantities " (1) , e n (1) , e (1) , 3 e R (1) and (1) . We have achieved now that " (1) only occurs in Eq. (53a). Since we are interested only in physical quantities, i.e., in (1) and (1) , we need not consider Eq. (53a) any longer. Thus from now on we are left only with the four equations (53b){(53e) for the four unknown functions e n (1) , e (1) , 3 e R (1) and (1) . We can express the gauge-invariant variable (39) in terms of quantities with a tilde with the help of Eqs. (50a) and (50b). We thus nd ! (1) = e n (1) :
With this result we may incorporate the ancillary quantity ! (1) , rather than e n (1) , in the perturbation equations.
The di erential equations (53c) and (53d) contain the arbitrary function (x i ). We will now show that (x i ) may be dropped from these equations. The manifest spatial homo-geneity of the linear di erential equations (45a){(45d) allows us to nd solutions of these equations with the spatial dependence proportional to e iq x see Weinberg, Eq. (15.10.37)]:
" (1) ; n (1) ; (1 
for the four quantities ! (1) , e (1) , 3 e R (1) and (1) . We now are ready to take the second step of the process of reducing the number of equations. We rewrite Eq. (58d) by di erentiating it with respect to ct and eliminating the time derivatives of e (1) and 3 e R (1) with the help of Eqs. (58b) and (58c), also using Eqs. (16). We thus nd a di erential equation instead of an algebraic equation:
We now replace Eq. (58d) by Eq. (59). In the new set of four equations, i.e., (58a){(58c) and (59), the function 3 e R (1) only occurs in Eq. (58c). Since, as noted before, we are interested only in physical quantities we do not consider Eq. (58c) any longer. Thus we are left with the three equations (58a), (58b) and (59) for ! (1) , e (1) and (1) only.
We can now take the third and last step. We assume that p 6 = 0; the case p = 0 will be considered in Sec. VIII. In order to eliminate e (1) we proceed as follows. >From Eq. (25) we nd that Now e (1) does not occur in Eqs. (58a) and (62). Physical quantities being our only concern, we do not consider Eq. (58b) any longer. Thus we are left with the two equations (58a) and (62) for the quantities ! (1) and (1) .
The equations (58a) and (62) still contain the ancillary quantity ! (1) . We will now eliminate this quantity in favor of the perturbation (1) on the particle number density. In order to do so we rst eliminate the time derivatives of n (0) and (0) 
(" (1) ? (1) ):
Similarly, from Eqs. (16) and (39) it follows ! (1) = n (1) ? n (0)
Equations (67) and (68) can be combined to yield
Thus, ! (1) is a linear combination of the independent quantities (1) and (1) . Eliminating the quantity ! (1) from Eqs. (58a) and (62) with the help of Eq. (69) yields the set of two di erential equations,
! ;
(1) + _ (1) + (1) = (1) ? n (0)
for the physical quantities (1) and (1) . These two equations constitute the main result of this article. They are two di erential equations for the perturbations (1) (t; x i ) and (1) (t; x i ) to the energy density " (0) (t) and the particle number density n (0) (t), respectively, measured with respect to a synchronous reference system, for a at FRW universe. They describe the evolution of the energy density perturbation (1) and the particle number density perturbation (1) . Neither Eqs. (70), nor their solutions, are contaminated by a gauge contribution, in contrast to, e.g., Eqs. (45a){(45d) and their solutions (50). Hence, Eqs. (70) together with (63){(64), form a set of manifestly gauge-invariant perturbation equations for a at FRW universe lled with a perfect uid described by an equation of state p = p(n; ").
In the next section we will relate our equations to the classical, Newtonian theory of gravity.
VIII. POISSON'S EQUATION OF THE NEWTONIAN THEORY
In this section we will show that in a pressureless cosmic uid, Eqs. 
In this limit the energy density is equal to the rest mass energy density, i.e., 
where m is the mass of a particle. We recall that " (1) and n (1) are the gauge-dependent energy density and particle number density perturbations, respectively. From Eqs. 
where we used H := _ a=a, Eq. (10). This result can be used to eliminate (1) from the equations (45). By choosing suitable coordinates, we can achieve that (1) (t; x i ) = 0 for all t.
In fact, a transformation to other synchronous coordinates yields a function b
We 
